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Supplementary Material A: Derivation of the Model Implied Variance of 7

In this section, we derive the model implied variance of the latent dependent variable
1. For this derivation, the variances and covariances of the latent predictors and the latent
product terms are required. Such variances and covariances can be specified for given
random variables x;, xj, xy, x; (Bohrnstedt & Goldberger, 1969) by

Vi(wia) = pivij + pivii + 2uapvig — vy + 2ivig; + 250 + vigy (A1)
C(xizj, Tpa)) = ik Vi + HiliVik + [ kVil + Ve — VijVii

+ WiVikl + WiVikl + BrVigl + [iVijk + Vigkl (A2)

Clxixj, xp) = pivj + piva + viji, (A3)

where p. is the first moment and v.., v..., and v.... are the second to fourth central moments of
the respective variables. If variables are normally distributed, the third central moments are
zero and the fourth central moments are a simple function of the second central moments. In
this case, the calculation of the variances and covariances is straightforward and is derived
for the model specified in Equation (4) for the class-specific standardization (see below),
where normality of the variables can be assumed because the latent classes are extracted
explicitly under this assumption.

If variables are nonnormally distributed, the calculation of the third and fourth central
moments needs a more complex specification. If a mixture of normal distributions is used to
approximate the nonnormal variables’ distribution, the moments can be derived analytically
as follows:

1. Calculate the noncentral class-specific moments based on the assumption of normally
distributed variables within each latent class.
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2. Calculate the noncentral moments of the nonnormally distributed mixture variable.

3. Using these noncentral moments, calculate the central moments of the nonnormally
distributed mixture variable.

1. Noncentral class-specific moments. The second to fourth class-specific non-
central moments f.., pi..., and p.... for variables x; ¢, x; 4, 1 4, 1 4 are given in general as

Mij,g = Mighj,g + Vijg (A4)
Wijk,g = Vijk,g + Hijghk,g + Wik,glj,g + Hik,ghi,g — 2Mi,gHj,g kg (A5)

,U'ijkl,g - Vijkl,g + Mijk,g,ul,g + ,Uijl,g,uk,g + Mikl,gﬂj,g + Ujkl,gﬂi,g - ,U/ij,gﬂk,g,ul,g - ,U'ik,gﬂj,glu'l,g
— il ghtj,ghtk,g — Hik,glight,g — Hil.ghi,ghk,g — Hki,ghi,gh.g + 3tighjghk,ghg-  (A6)

Under the assumption that the variables are normally distributed within each mixture

component g = 1,...,G the central class-specific third and fourth moments are specified
by
Vijk,g = 0 (A7)
Vijklg = Vij.gVkl.g T+ VikgVjlg T VilgVjk.g- (A8)

As a consequence, the noncentral class-specific moments can be calculated using the class-
specific means and (co-)variances of the variables.

2. Noncentral moments of mixture variables. In general, the k-th noncentral
moment of a mixture variable is a weighted sum of the k-th noncentral class-specific moments
(Haas, Mittnik, & Paolella, 2009):

W = 5l (A9)
g

3. Central moments of mirture variables. Analogous to Equations (A4) to
(A6), the central moments of the mixture variables are then given by

Vij = Wij — Hiltj (A10)
Vijk = Hijk — Hijlk — Hikibi — Hjkii + 240405 p (A11)
Vijkl = Mijkl — Mgkt — Hijlfbk — ikl — Mkl + Hig el + [k b 1

+ pith e+ kit R ity — SpLi (A12)

with the (noncentral) moments p., p.., p... and p.... obtained from Equation (A9).

In the next two subsections, we use these general formulas to derive the model implied
(co-)variances first for the direct and then for the indirect application of a mixture model
with nonlinear effects as specified in Equations (4) and (16).
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Standardization of the Direct Application (Class-Specific Standardization)

Concerning the class-specific standardization in the direct application, the model
implied class-specific variance of 7, for a model that is given in Equation (4) is specified by

Vm“(ﬁg) = (bOOg = ’qu);'ylg + % (Al?’)

with parameter vector v, = (V1,g5---:75,9) and 5 x 5 class-specific covariance matrix

Cov ((5179,52,9,gl,g@,g,gig,gg,g)’) = & for the latent predictor variables and product
terms. The nonredundant elements of ®7 are specified using Equations (A1) to (A3)
and moments specified in Equations (A4) to (A8), and using the notation p. 4, = k. 4 and

V"vg = ¢7g:

13,9 = K1,9P12,9 T K2,9P11,9

$23,9 = K1,9P22,9 + K2,gP12,4

$33,9 = K’%7g¢22,g + n%,gqﬁn,g + 2K1,gK2,gP12,9 + P11,9022,9 + (b%Z,g
14,9 = 2K1,9P11,9

G4, = 2K1,9P12,4

P34, = 267 ,P12, + 261 gk, gP11, + 2011,9012,9
Pa1,g = K1 gO11,9 + 2011 4

P15,9 = 2K2,9012,9

$25,9 = 2K2,9022.4

$35,9 = 265 ,B12,g + 2K1,gK2,gPa2,g + 2022,9P12,9
Q45,9 = 4K1,gK2,9012,9 + 2¢%2,g

P55,9 = 4“%,g¢22,g + 2¢%2,ga

since

Vi1, = 3071,
V1112, = 3P11,4P12,9

2
V1122, = P11,9022,9 + 2072 4
V1222,9 = 3022,4012,4

2
V2222, = 3033 4-

Standardization of the Indirect Application

For the indirect application, a global standardization is based on the covariance matrix
of the mixture variables. For a model such as one specified in Equation (16), the model
implied variance of 7 is given by

Var(n) = ¢oo = v®*y + (A14)
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with v = (71, ...,75) and 5 X 5 covariance matrix ®* for the latent predictor variables and
product terms. The (co-)variances (¢11, @12, p22) and means (k1, k2) of the latent predictors
are specified in Equation (17) and (18). The remaining nonredundant elements of ®* are
given by:

13 = K1d12 + Kad11 + V112

23 = K1P2ag + Kadi2 + V122

P33 = Kidoo + K3P11 + 2K1Kad12 — Pio + 21122 + 2KaV112 + V1122
P14 = 261011 + v

P24 = 261012 + V112

P31 = 26712 + 261K2011 — P11d12 + 3K1V112 + Kavii1 + Vit
bua = AkTP11 — @31 + dkivinn + v

P15 = 262012 + V122

G5 = 2KaP22 + V222

P35 = 263012 + 261 K222 — Paad12 + BKaV122 + K1Va22 + V1222
G45 = dK1K2012 — P11¢22 + 2K1V122 + 2K2V112 + V1122

2 2
D55 = K502 — P59 + 4k + V2222.

The derivation of the third and fourth central moments is conducted with the steps described
above.

1. The third and fourth noncentral class-specific moments (cf. Equations (A5) to
(A8)) are given by

3
pi11,g = KT 4+ 3K1,4011,9
2
P12, = KT gk2,g + K2,g011,9 + 261 gP12,9
2
H122,g = K3 gR1,g T K1,g022,9 + 2K2,gP12,9

3
H222,9 = Ko g+ 3K2,g022,9

and

H1111,g = 3¢%l,g + ’511,9 + 6’%79‘7511»9

P12y = 301190129 + K] ghing + 31 gh2g0119 + 3KT yd12

1229 = O11gP22,g + 2009 g + BT g5 g + B3 P19 + A gh1gP12g T+ KT P22
H1222,9 = 30229012, + K5 g1 g + BR1 gk, 90229 + BK3 P12,

2 4 2
12222, g = 3039 4 + Ko 5 + 6K (P22.4,
respectively, with class-specific means (k1 4, k2,4) and (co-)variances (¢11,4, P22, 9, P12,9)-

2. The noncentral moments of the mixtures can be calculated as the weighted sum
of the class-specific moments using Equation (A9).
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3. The central moments of the mixture variables are then given by (cf. Equations
(A11) to (A12))

3
V11 = p111 — K] — 3K1¢11
2
Vil = 112 — K1K2 — K2@11 — 2K1012
2
V192 = (122 — KaK1 — K122 — 2K2¢12

3
V22 = 222 — K5 — K222

and

Vit = i — 4k + 3x1 + 6K1611

Vit12 = pi112 — 3p112K1 + 3K K2 + 3K1Kag11 + 3T P12 — pi11k2

V1122 = fi1122 — 20112K2 — 20122K1 + 3K3KS + KEP11 + Ak1Kad1a + Ko
Vi22o = [l1222 — 3H122K2 + 3KaK1 + 3K1K2022 + 3K3P12 — Ha2aki

V229 = [49222 — 44220k + 3/%% + 6f€§¢227

respectively.
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Supplementary Material B: Illustration of a Standardization with
Group-Specific Variances and Pooled Variances

Table B1
Fictitious example for the standardized relationship between shoe size (shoe) and body height
(height) for male and female subjects (g = 1,2) in two studies (s =1,2).

Study 1 (S =1) Study 2 (S =2)
Male (G =1) Female (G=2) Male (G=1) Female (G=2)
PG =g) 0.75 0.25 0.25 0.75
E(shoe|G =g,5=5) 9.00 7.00 42,51 40.11
V(shoe|G = g, = ) 0.50 0.45 0.72 0.65
E(height|G = g,S = s) 69.41 63.86 1.76 1.62
V(height|G = g,S = s) 20.07 19.27 0.01 0.01
E(shoe|S = s) 8.50 8.50 40.71 40.71
V(shoe|S = s) 1.24 1.24 1.75 1.75
E(height|S = ) 68.02 68.02 1.66 1.66
V (height|S = s) 25.65 25.65 0.02 0.02
B 3.17 3.93 0.07 0.08
Bg* 0.50 0.60 0.50 0.60
B° 0.70 0.86 0.69 0.86

Note. E(-) — expected value; V (-) — variance; § — unstandardized regression coefficient; 5* — stan-
dardized regression coefficient based on within class variances; 5° — standardized regression coefficient
based on pooled variances.

The following fictitious example concerning the relationship between shoe size and
body height illustrates the differences between a within class standardization and a stan-
dardization based on pooled variances. Table B1 includes (fictitious) means and variances
for male and female subjects in two different studies. In study 1, the mean shoe size for
men and women were E(shoe|G = 1,5 = 1) = 9 and E(shoe|G = 2,5 = 1) = 7 (Amer-
ican sizes) with (plausible) variances of V(shoe|G = 1,5 = 1) = .50 and V (shoe|G =
2,5 = 1) = .45. In study 2, the same information concerning the means and variances
were used, but they were transformed to the German shoe size system (German shoe size
~ 31.71 4+ 1.20 - American shoe size). The average body heights in study 1 were assumed
to be E(height|G = 1,5 = 1) = 69.41 and E(height|G = 2,S = 1) = 63.86 inches for
men and women, respectively, with variances of V(height|G = 1,5 = 1) = 20.07 and
V(height|G = 2,S = 1) = 19.27 (McDowell, Fryar, Ogden, & Flegal, 2008). Again, the
same information about the means and variances held in study 2, but were transformed
from inches to the metric system. Finally, we assumed that reasonable correlations between
shoe size and body height were .5 for men and .6 for women. The only substantive difference
between the two studies was that in study 1 75% of the subjects were male and in study 2
only 25% were male.

Based on these assumptions, the sample means (E(shoe|S = s), E(height|S = s))
and variances (V(shoe|S = s),V (height|S = s)) for each study were calculated as well
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as the unstandardized regression coefficients (/3), and finally, the standardized regression
coefficients based on the within variances (3°)! and the pooled variances (5°)2.

The unstandardized regression coefficients were different across groups and different
across studies. The within group standardized regression coefficients were the same in the
respective groups of both studies (5* = .5 for male and f®* = .6 for female subjects).
The standardized regression coeflicients can be meaningfully used to compare effects across
studies, that is, it is meaningful to compare, for example, male subjects across studies: For
an increase of 1 SD in shoe size (SD(shoe|G = 1,8 = 1) = /.50 = .71 in study 1 and
SD(shoe|G = 1,8 = 2) = /.72 = .85 in study 2) the body height increases by .50 SD
(which is SD(height|G = 1,5 = 1) = v/20.07 = 4.48 feet in study 1 and SD(height|G =
1,S = 2) = /.01 = .1 meters in study 2). The same logic applies for female subjects
(G = 2). The standardization based on the within group variances can also be used to
compare different groups within one study; however, it needs to be considered that the
information about differences in variances are not taken into account.

The pooled means and variances depend on the proportions of the two groups. They
can be used, for example, to compare different subgroups within a study in a unified refer-
ence system. For example, in study 1, an increase of 1 SD (based on the pooled variance
SD(shoe|S = 1) = v/1.24 = 1.11) in shoe size leads to an increase in body height of .70 SD
for male and of .86 SD for female subjects with an SD(height|S = 1) = +/25.65 = 5.06 for
the body height in both groups. Note that due to the common metric — the pooled variance
— the effect sizes are directly comparable across groups.

The standardization based on the pooled variances also allows one to compare other
parameters based on a common metric. For example, the standardized means based on a
within standardization are E®(shoe|G = 1,5 = s) = E*(shoe|G = 2,5 = s) = 0 for both
groups and hence differences between the two groups are lost. The standardized means
based on the pooled parameters keep information about the differences in the groups intact
because while the pooled standardized mean is zero (E°(shoe|S = s) = 0), the group-
specific standardized means are z-values of the form E°(shoe|G = g, S = s) = [E(shoe|G =
g,S = s) — E(shoe|S = s)]/SD(shoe|S = s) (which are E°(shoe|G = 1,8 = 1) = .44 for
male and E°(shoe|G = 2,5 = 1) = —1.35 for female subjects in study 1).3
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13* = 8- SD(shoe|G = g,S = s)/SD(height|G = g, S = s)
2B° = B - SD(shoe|S = s)/SD(height|S = s)
3For a visualization of standardized differences in an empirical data set see Figure 4.



