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Overview

The Repository

CRMDA created an archive of SEM working examples.

To the extent possible, the same models are estimated with

Mplus

R

Stata

The repository can be browsed online:
https://gitlab.crmda.ku.edu/crmda/semexample

And a snapshot can also be obtained with Git.

The data folder includes the information that is imported into each
of the 3 programs.

https://gitlab.crmda.ku.edu/crmda/semexample
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Overview

Runable examples

1 Exploratory Factor Analysis (EFA)

2 Confirmatory Factor Analysis (CFA)

3 Measurement Invariance (Multi-group CFA)

4 Multiple Regression

5 Structural Equation Model (SEM)

6 Latent Growth Curve (LGC)

7 Modeling strategy changes for Ordinal Data
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1. EFA

Explatory Factor Analysis

The Excelsior Springs data. How many latent variables underlie
subtest scores (6 items)?

R’s function factanal is delivered with the R base package set

We run EFAs for one and two possible latent factors.



One Factor



Two Factors



semexample 8 / 66

1. EFA

R code and results

head ( s c a l e s c o r e s )

w j c a l c w j s p l w r a t s p l w r a t c a l c w a i s c a l c w a i s s p l
1 29 51 47 49 12 45
2 31 54 57 49 21 47
3 23 45 38 40 9 36
4 31 34 38 48 14 38
5 31 31 30 52 15 38
6 27 42 40 42 12 41

output1 <− f a c t a n a l ( s c a l e s c o r e s , 1 , r o t a t i o n =
”var imax ”)

output1
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1. EFA

R code and results ...

C a l l :
f a c t a n a l ( x = s c a l e s c o r e s , f a c t o r s = 1 , r o t a t i o n = ”var imax ”)

U n i q u e n e s s e s :
w j c a l c w j s p l w r a t s p l w r a t c a l c w a i s c a l c w a i s s p l

0 . 7 2 8 0 . 0 9 3 0 . 1 0 8 0 . 6 9 5 0 . 7 4 9 0 . 1 1 6

L o a d i n g s :
F a c t o r 1

w j c a l c 0 . 5 2 2
w j s p l 0 . 9 5 3
w r a t s p l 0 . 9 4 5
w r a t c a l c 0 . 5 5 2
w a i s c a l c 0 . 5 0 1
w a i s s p l 0 . 9 4 0

F a c t o r 1
SS l o a d i n g s 3 . 5 1 1
P r o p o r t i o n Var 0 . 5 8 5

Test o f th e h y p o t h e s i s t h a t 1 f a c t o r i s s u f f i c i e n t .
The c h i s q u a r e s t a t i s t i c i s 461 . 3 8 on 9 d e g r e e s o f f r e e d o m .
The p−value i s 1 .06e−93
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1. EFA

R code and results ...

output2 <− f a c t a n a l ( s c a l e s c o r e s , 2 , r o t a t i o n =
”var imax ”)

output2

C a l l :
f a c t a n a l ( x = s c a l e s c o r e s , f a c t o r s = 2 , r o t a t i o n = ”var imax ”)

U n i q u e n e s s e s :
w j c a l c w j s p l w r a t s p l w r a t c a l c w a i s c a l c w a i s s p l

0 . 1 8 4 0 . 0 8 9 0 . 1 0 7 0 . 0 9 6 0 . 4 7 7 0 . 1 1 2

L o a d i n g s :
F a c t o r 1 F a c t o r 2

w j c a l c 0 . 2 3 0 0 . 8 7 3
w j s p l 0 . 9 0 7 0 . 2 9 8
w r a t s p l 0 . 8 9 4 0 . 3 0 6
w r a t c a l c 0 . 2 4 8 0 . 9 1 8
w a i s c a l c 0 . 2 8 1 0 . 6 6 7
w a i s s p l 0 . 8 9 6 0 . 2 9 3

F a c t o r 1 F a c t o r 2
SS l o a d i n g s 2 . 6 1 7 2 . 3 1 8
P r o p o r t i o n Var 0 . 4 3 6 0 . 3 8 6
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1. EFA

R code and results ...

Cumul at i ve Var 0 . 4 3 6 0 . 8 2 3

Test o f th e h y p o t h e s i s t h a t 2 f a c t o r s a r e s u f f i c i e n t .
The c h i s q u a r e s t a t i s t i c i s 3 . 8 on 4 d e g r e e s o f f r e e d o m .
The p−value i s 0 . 4 3 4
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2. CFA

Confirmatory Factor Analysis

EFA allowed connections between each factor and each indicator

In CFA, we restrict–for theoretical reasons–linkages between factors
and indicators

Math is indicated by:

wratcalc, wjcalc, waiscalc

Spelling is indicated by:

wratspl, wjspl, waisspl



Two Factor CFA
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2. CFA

R code and results

l i b r a r y ( l a v a a n )
CFAmodel <− ”

MATH =∼ w r a t c a l c + w j c a l c + w a i s c a l c
SPELL =∼ w r a t s p l + w j s p l + w a i s s p l

”
t e s t O u t p u t <− c f a ( model = CFAmodel , data = dat ,

s t d . l v = TRUE, m i s s i n g = ”f i m l ”)
summary ( t e s t O ut pu t , f i t . m e a s u r e s = TRUE)

l a v a a n (0 .5−22 ) c o n v e r g e d n o r m a l l y a f t e r 73 i t e r a t i o n s

Number o f o b s e r v a t i o n s 322

Number o f m i s s i n g p a t t e r n s 4

E s t i m a t o r ML
Minimum F u n c t i o n Test S t a t i s t i c 9 . 5 4 0
Degrees o f f reedom 8
P−value ( Chi−square ) 0 . 2 9 9
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2. CFA

R code and results ...

Model t e s t b a s e l i n e model :

Minimum F u n c t i o n Test S t a t i s t i c 1882 . 3 3 5
Degrees o f f reedom 15
P−value 0 . 0 0 0

User model v e r s u s b a s e l i n e model :

Comparat ive F i t I n d e x ( CFI ) 0 . 9 9 9
Tucker−Lewis I n d e x ( TLI ) 0 . 9 9 8

L o g l i k e l i h o o d and I n f o r m a t i o n C r i t e r i a :

L o g l i k e l i h o o d u s e r model (H0) −5127.830
L o g l i k e l i h o o d u n r e s t r i c t e d model (H1) −5123.060

Number o f f r e e p a r a m e t e r s 19
Aka ike ( AIC ) 10293 . 6 6 1
B a y e s i a n ( BIC ) 10365 . 3 7 7
Sample−s ize a d j u s t e d B a y e s i a n ( BIC ) 10305 . 1 1 2

Root Mean Square E r r o r o f Ap prox ima t io n :

RMSEA 0 . 0 2 4
90 P e r c e n t C o n f i d e n c e I n t e r v a l 0 . 0 0 0 0 . 0 7 3
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2. CFA

R code and results ...

P−value RMSEA <= 0 . 0 5 0 . 7 6 1

S t a n d a r d i z e d Root Mean Square R e s i d u a l :

SRMR 0 . 0 2 4

Parameter E s t i m a t e s :

I n f o r m a t i o n Observed
Standard E r r o r s Standard

L a t e n t V a r i a b l e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH =∼
w r a t c a l c 6 . 0 4 1 0 . 2 7 6 21 . 9 2 1 0 . 0 0 0
w j c a l c 4 . 1 4 4 0 . 2 0 3 20 . 3 7 0 0 . 0 0 0
w a i s c a l c 2 . 4 1 0 0 . 1 6 5 14 . 6 3 6 0 . 0 0 0

SPELL =∼
w r a t s p l 6 . 5 3 2 0 . 2 8 8 22 . 6 4 5 0 . 0 0 0
w j s p l 6 . 8 0 9 0 . 2 9 6 23 . 0 2 5 0 . 0 0 0
w a i s s p l 6 . 3 5 4 0 . 2 8 3 22 . 4 6 3 0 . 0 0 0

C o v a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH ∼∼
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2. CFA

R code and results ...

SPELL 0 . 5 5 3 0 . 0 4 2 13 . 1 9 1 0 . 0 0 0

I n t e r c e p t s :
E s t i m a t e S t d . E r r z−value P(>| z | )

. w r a t c a l c 38 . 9 2 2 0 . 3 5 5 109 . 5 1 4 0 . 0 0 0

. w j c a l c 23 . 8 1 2 0 . 2 5 5 93 . 2 9 7 0 . 0 0 0

. w a i s c a l c 11 . 0 2 2 0 . 1 8 6 59 . 2 3 0 0 . 0 0 0

. w r a t s p l 36 . 4 8 4 0 . 3 8 5 94 . 7 5 1 0 . 0 0 0

. w j s p l 41 . 6 7 4 0 . 3 9 8 104 . 8 0 8 0 . 0 0 0

. w a i s s p l 37 . 1 6 3 0 . 3 7 6 98 . 7 8 8 0 . 0 0 0
MATH 0 . 0 0 0
SPELL 0 . 0 0 0

V a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

. w r a t c a l c 4 . 1 7 9 1 . 0 1 4 4 . 1 2 2 0 . 0 0 0

. w j c a l c 3 . 7 6 9 0 . 5 3 7 7 . 0 1 7 0 . 0 0 0

. w a i s c a l c 5 . 3 0 4 0 . 4 5 7 11 . 5 9 6 0 . 0 0 0

. w r a t s p l 5 . 0 5 3 0 . 6 1 2 8 . 2 5 6 0 . 0 0 0

. w j s p l 4 . 5 4 1 0 . 6 1 6 7 . 3 6 9 0 . 0 0 0

. w a i s s p l 5 . 1 5 6 0 . 5 9 9 8 . 6 0 5 0 . 0 0 0
MATH 1 . 0 0 0
SPELL 1 . 0 0 0
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3. Multi-Group CFA

Multiple Group CFA

Compare males and females on Math and Spelling
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3. Multi-Group CFA

Two group model



semexample 20 / 66

3. Multi-Group CFA

Goal: Simplify separate parameter sets

If the two genders are given completely separate models, there is not
much hope of achieving an analytical purpose, which is to compare
differences in the latent variable across genders.
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3. Multi-Group CFA

Model comparison process

1 Fit the model with all measurement parameters free to vary between
groups

2 Fit a model in which measurement parameters are assumed to be
the same

3 Conduct a “∆χ2” test to find out if restricting some parameters to
be equal between groups caused the model to fit the data poorly.
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3. Multi-Group CFA

Configural, Metric, Scalar

Three stages of comparison (models successively drop coefficient
differences for the 2 genders)

1 Configural invariance (same model)

2 Metric invariance (factor loadings same for both genders)

3 Scalar invariance (item intercepts are also the same)
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3. Multi-Group CFA

Configural

Outline

1 Overview

2 1. EFA

3 2. CFA

4 3. Multi-Group CFA
Configural
Metric Invariance
Scalar Invariance

5 4. Regression

6 5. SEM

7 6. Latent Growth

8 Conclusion



Configural Invariance Model

subscript “g” indicates that the parameters estimated for each group
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3. Multi-Group CFA

Configural

R code and results

c o n f i g M o d e l <− ”
MATH =∼ w r a t c a l c + w j c a l c + w a i s c a l c
SPELL =∼ w r a t s p l + w j s p l + w a i s s p l

”
c o n f i g O u t p u t <− c f a ( model = conf igMode l , data =

dat , group = ”f e m a l e ” , s t d . l v = TRUE, m i s s i n g
= ”f i m l ”)

summary ( c o n f i g O u t p u t )

l a v a a n (0 .5−22 ) c o n v e r g e d n o r m a l l y a f t e r 118 i t e r a t i o n s

Number o f o b s e r v a t i o n s p e r group
1 101
0 221

Number o f m i s s i n g p a t t e r n s p e r group
1 4
0 2

E s t i m a t o r ML
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3. Multi-Group CFA

Configural

R code and results ...

Minimum F u n c t i o n Test S t a t i s t i c 19 . 2 1 5
Degrees o f f reedom 16
P−value ( Chi−square ) 0 . 2 5 8

Chi−square f o r each group :

1 11 . 5 5 5
0 7 . 6 6 0

Parameter E s t i m a t e s :

I n f o r m a t i o n Observed
Standard E r r o r s Standard

Group 1 [ 1 ] :

L a t e n t V a r i a b l e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH =∼
w r a t c a l c 6 . 5 4 5 0 . 4 9 6 13 . 1 8 7 0 . 0 0 0
w j c a l c 4 . 2 1 5 0 . 3 6 6 11 . 5 3 0 0 . 0 0 0
w a i s c a l c 2 . 2 9 0 0 . 2 7 6 8 . 3 0 6 0 . 0 0 0

SPELL =∼
w r a t s p l 7 . 0 1 0 0 . 5 4 7 12 . 8 1 7 0 . 0 0 0
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3. Multi-Group CFA

Configural

R code and results ...

w j s p l 6 . 8 3 3 0 . 5 1 8 13 . 1 8 2 0 . 0 0 0
w a i s s p l 6 . 6 3 8 0 . 5 2 0 12 . 7 6 3 0 . 0 0 0

C o v a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH ∼∼
SPELL 0 . 6 3 4 0 . 0 6 4 9 . 9 1 4 0 . 0 0 0

I n t e r c e p t s :
E s t i m a t e S t d . E r r z−value P(>| z | )

. w r a t c a l c 38 . 2 6 7 0 . 6 6 6 57 . 4 6 4 0 . 0 0 0

. w j c a l c 23 . 6 0 3 0 . 4 6 5 50 . 7 8 1 0 . 0 0 0

. w a i s c a l c 10 . 2 6 6 0 . 3 1 6 32 . 5 2 8 0 . 0 0 0

. w r a t s p l 37 . 1 7 1 0 . 7 3 5 50 . 5 9 0 0 . 0 0 0

. w j s p l 42 . 3 3 7 0 . 7 0 5 60 . 0 7 3 0 . 0 0 0

. w a i s s p l 38 . 0 3 0 0 . 6 9 7 54 . 5 7 9 0 . 0 0 0
MATH 0 . 0 0 0
SPELL 0 . 0 0 0

V a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

. w r a t c a l c 1 . 9 5 7 1 . 6 2 1 1 . 2 0 8 0 . 2 2 7

. w j c a l c 3 . 9 6 0 0 . 8 4 8 4 . 6 7 1 0 . 0 0 0

. w a i s c a l c 4 . 7 6 5 0 . 7 1 4 6 . 6 7 8 0 . 0 0 0

. w r a t s p l 5 . 3 0 7 1 . 1 0 5 4 . 8 0 4 0 . 0 0 0
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3. Multi-Group CFA

Configural

R code and results ...

. w j s p l 3 . 4 7 4 0 . 9 1 0 3 . 8 1 8 0 . 0 0 0

. w a i s s p l 4 . 9 0 0 1 . 0 0 7 4 . 8 6 5 0 . 0 0 0
MATH 1 . 0 0 0
SPELL 1 . 0 0 0

Group 2 [ 0 ] :

L a t e n t V a r i a b l e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH =∼
w r a t c a l c 5 . 7 6 4 0 . 3 3 0 17 . 4 9 2 0 . 0 0 0
w j c a l c 4 . 1 2 3 0 . 2 4 4 16 . 9 2 6 0 . 0 0 0
w a i s c a l c 2 . 4 4 6 0 . 2 0 0 12 . 2 1 2 0 . 0 0 0

SPELL =∼
w r a t s p l 6 . 2 7 8 0 . 3 3 7 18 . 6 4 6 0 . 0 0 0
w j s p l 6 . 7 8 8 0 . 3 5 9 18 . 9 2 9 0 . 0 0 0
w a i s s p l 6 . 1 7 7 0 . 3 3 5 18 . 4 4 1 0 . 0 0 0

C o v a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH ∼∼
SPELL 0 . 5 2 0 0 . 0 5 3 9 . 7 6 2 0 . 0 0 0

I n t e r c e p t s :
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3. Multi-Group CFA

Configural

R code and results ...

E s t i m a t e S t d . E r r z−value P(>| z | )
. w r a t c a l c 39 . 2 2 2 0 . 4 1 7 93 . 9 6 2 0 . 0 0 0
. w j c a l c 23 . 9 1 0 0 . 3 0 5 78 . 4 2 0 0 . 0 0 0
. w a i s c a l c 11 . 3 6 7 0 . 2 2 6 50 . 3 2 0 0 . 0 0 0
. w r a t s p l 36 . 1 7 2 0 . 4 4 8 80 . 7 6 2 0 . 0 0 0
. w j s p l 41 . 3 7 1 0 . 4 8 0 86 . 1 5 7 0 . 0 0 0
. w a i s s p l 36 . 7 6 7 0 . 4 4 4 82 . 8 9 9 0 . 0 0 0
MATH 0 . 0 0 0
SPELL 0 . 0 0 0

V a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

. w r a t c a l c 5 . 2 8 0 1 . 2 3 2 4 . 2 8 5 0 . 0 0 0

. w j c a l c 3 . 5 4 9 0 . 6 6 4 5 . 3 4 2 0 . 0 0 0

. w a i s c a l c 5 . 2 6 9 0 . 5 5 7 9 . 4 6 3 0 . 0 0 0

. w r a t s p l 4 . 9 1 5 0 . 7 2 6 6 . 7 7 2 0 . 0 0 0

. w j s p l 4 . 8 8 1 0 . 7 9 5 6 . 1 3 8 0 . 0 0 0

. w a i s s p l 5 . 2 8 5 0 . 7 3 6 7 . 1 7 6 0 . 0 0 0
MATH 1 . 0 0 0
SPELL 1 . 0 0 0
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3. Multi-Group CFA

Metric Invariance

Outline

1 Overview

2 1. EFA

3 2. CFA

4 3. Multi-Group CFA
Configural
Metric Invariance
Scalar Invariance

5 4. Regression

6 5. SEM

7 6. Latent Growth

8 Conclusion



Metric Invariance Model
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3. Multi-Group CFA

Metric Invariance

R code and results

metr i cMode l <− ”
MATH =∼ w r a t c a l c + w j c a l c + w a i s c a l c
SPELL =∼ w r a t s p l + w j s p l + w a i s s p l
MATH ∼∼ c ( 1 , NA) *MATH
SPELL ∼∼ c ( 1 , NA) *SPELL

”
m e t r i c O u t p u t <− c f a ( model = metr icModel , data =

dat , s t d . l v = TRUE,
group = ”f e m a l e ” ,

g r o u p . e q u a l = ”l o a d i n g s ” ,
m i s s i n g = ”f i m l ”)

summary ( m e t r i c O u t p u t )
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3. Multi-Group CFA

Metric Invariance

R code and results ...

l a v a a n (0 .5−22 ) c o n v e r g e d n o r m a l l y a f t e r 94 i t e r a t i o n s

Number o f o b s e r v a t i o n s p e r group
1 101
0 221

Number o f m i s s i n g p a t t e r n s p e r group
1 4
0 2

E s t i m a t o r ML
Minimum F u n c t i o n Test S t a t i s t i c 25 . 8 7 1
Degrees o f f reedom 20
P−value ( Chi−square ) 0 . 1 7 0

Chi−square f o r each group :

1 15 . 5 8 1
0 10 . 2 9 0

Parameter E s t i m a t e s :

I n f o r m a t i o n Observed
Standard E r r o r s Standard
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3. Multi-Group CFA

Metric Invariance

R code and results ...

Group 1 [ 1 ] :

L a t e n t V a r i a b l e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH =∼
w r a t c l c ( . p 1 . ) 6 . 3 5 9 0 . 4 9 0 12 . 9 7 2 0 . 0 0 0
w j c a l c ( . p 2 . ) 4 . 3 5 4 0 . 3 4 2 12 . 7 2 9 0 . 0 0 0
w a i s c l c ( . p 3 . ) 2 . 5 0 2 0 . 2 2 9 10 . 9 0 9 0 . 0 0 0

SPELL =∼
w r a t s p l ( . p 4 . ) 6 . 7 5 1 0 . 5 0 8 13 . 2 9 5 0 . 0 0 0
w j s p l ( . p 5 . ) 7 . 0 2 0 0 . 5 1 6 13 . 5 9 2 0 . 0 0 0
w a i s s p l ( . p 6 . ) 6 . 5 6 8 0 . 4 9 3 13 . 3 2 6 0 . 0 0 0

C o v a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH ∼∼
SPELL 0 . 6 4 1 0 . 0 6 3 10 . 1 6 4 0 . 0 0 0

I n t e r c e p t s :
E s t i m a t e S t d . E r r z−value P(>| z | )

. w r a t c a l c 38 . 2 6 7 0 . 6 5 6 58 . 3 1 9 0 . 0 0 0

. w j c a l c 23 . 6 0 2 0 . 4 7 4 49 . 8 3 2 0 . 0 0 0

. w a i s c a l c 10 . 2 6 3 0 . 3 3 0 31 . 0 8 5 0 . 0 0 0
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3. Multi-Group CFA

Metric Invariance

R code and results ...

. w r a t s p l 37 . 1 7 2 0 . 7 1 3 52 . 1 3 6 0 . 0 0 0

. w j s p l 42 . 3 3 7 0 . 7 2 1 58 . 7 1 9 0 . 0 0 0

. w a i s s p l 38 . 0 3 1 0 . 6 9 1 55 . 0 5 2 0 . 0 0 0
MATH 0 . 0 0 0
SPELL 0 . 0 0 0

V a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH 1 . 0 0 0
SPELL 1 . 0 0 0

. w r a t c a l c 3 . 0 4 7 1 . 4 1 3 2 . 1 5 7 0 . 0 3 1

. w j c a l c 3 . 6 0 3 0 . 7 7 8 4 . 6 3 2 0 . 0 0 0

. w a i s c a l c 4 . 7 0 0 0 . 7 1 4 6 . 5 8 6 0 . 0 0 0

. w r a t s p l 5 . 6 8 6 1 . 1 2 3 5 . 0 6 1 0 . 0 0 0

. w j s p l 3 . 2 3 0 0 . 9 2 9 3 . 4 7 8 0 . 0 0 1

. w a i s s p l 4 . 9 9 5 1 . 0 2 3 4 . 8 8 3 0 . 0 0 0

Group 2 [ 0 ] :

L a t e n t V a r i a b l e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH =∼
w r a t c l c ( . p 1 . ) 6 . 3 5 9 0 . 4 9 0 12 . 9 7 2 0 . 0 0 0
w j c a l c ( . p 2 . ) 4 . 3 5 4 0 . 3 4 2 12 . 7 2 9 0 . 0 0 0
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3. Multi-Group CFA

Metric Invariance

R code and results ...

w a i s c l c ( . p 3 . ) 2 . 5 0 2 0 . 2 2 9 10 . 9 0 9 0 . 0 0 0
SPELL =∼

w r a t s p l ( . p 4 . ) 6 . 7 5 1 0 . 5 0 8 13 . 2 9 5 0 . 0 0 0
w j s p l ( . p 5 . ) 7 . 0 2 0 0 . 5 1 6 13 . 5 9 2 0 . 0 0 0
w a i s s p l ( . p 6 . ) 6 . 5 6 8 0 . 4 9 3 13 . 3 2 6 0 . 0 0 0

C o v a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH ∼∼
SPELL 0 . 4 5 6 0 . 0 8 9 5 . 1 0 3 0 . 0 0 0

I n t e r c e p t s :
E s t i m a t e S t d . E r r z−value P(>| z | )

. w r a t c a l c 39 . 2 2 2 0 . 4 2 2 92 . 8 8 0 0 . 0 0 0

. w j c a l c 23 . 9 1 0 0 . 3 0 2 79 . 1 9 2 0 . 0 0 0

. w a i s c a l c 11 . 3 6 7 0 . 2 2 1 51 . 4 6 2 0 . 0 0 0

. w r a t s p l 36 . 1 7 2 0 . 4 5 4 79 . 6 7 3 0 . 0 0 0

. w j s p l 41 . 3 7 1 0 . 4 7 2 87 . 6 3 7 0 . 0 0 0

. w a i s s p l 36 . 7 6 7 0 . 4 4 6 82 . 5 2 2 0 . 0 0 0
MATH 0 . 0 0 0
SPELL 0 . 0 0 0

V a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH 0 . 8 6 0 0 . 1 5 6 5 . 5 0 1 0 . 0 0 0
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3. Multi-Group CFA

Metric Invariance

R code and results ...

SPELL 0 . 8 9 5 0 . 1 5 8 5 . 6 7 6 0 . 0 0 0
. w r a t c a l c 4 . 6 1 9 1 . 2 0 5 3 . 8 3 4 0 . 0 0 0
. w j c a l c 3 . 8 3 5 0 . 6 5 4 5 . 8 6 4 0 . 0 0 0
. w a i s c a l c 5 . 3 7 0 0 . 5 6 4 9 . 5 2 5 0 . 0 0 0
. w r a t s p l 4 . 7 6 4 0 . 7 2 1 6 . 6 0 7 0 . 0 0 0
. w j s p l 5 . 1 5 4 0 . 7 9 0 6 . 5 2 6 0 . 0 0 0
. w a i s s p l 5 . 2 3 3 0 . 7 3 2 7 . 1 5 3 0 . 0 0 0

anova ( c o n f ig O u t p u t , m e t r i c O u t p u t )

Chi Square D i f f e r e n c e Test

Df AIC BIC Chi sq Ch i sq d i f f Df d i f f Pr(>Chisq )
c o n f i g O u t p u t 16 10301 10444 19 . 2 1 5
m e t r i c O u t p u t 20 10300 10428 25 . 8 7 1 6 . 6 5 5 8 4 0 . 1 5 5 2
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3. Multi-Group CFA

Scalar Invariance

Outline

1 Overview

2 1. EFA

3 2. CFA

4 3. Multi-Group CFA
Configural
Metric Invariance
Scalar Invariance

5 4. Regression

6 5. SEM

7 6. Latent Growth

8 Conclusion



Scalar Invariance Model
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3. Multi-Group CFA

Scalar Invariance

R code and results

s c a l a r M o d e l <− ”
MATH =∼ w r a t c a l c + w j c a l c + w a i s c a l c
SPELL =∼ w r a t s p l + w j s p l + w a i s s p l
MATH ∼∼ c ( 1 , NA) *MATH
SPELL ∼∼ c ( 1 , NA) *SPELL
MATH ∼ c ( 0 , NA) *1
SPELL ∼ c ( 0 , NA) *1

”
s c a l a r O u t p u t <− c f a ( model = s c a l a r M o d e l , data =

dat , s t d . l v = TRUE,
group = ”f e m a l e ” ,
g r o u p . e q u a l = c ( ” l o a d i n g s ” ,

” i n t e r c e p t s ”) ,
m i s s i n g = ”f i m l ”)

summary ( s c a l a r O u t p u t )
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3. Multi-Group CFA

Scalar Invariance

R code and results ...

l a v a a n (0 .5−22 ) c o n v e r g e d n o r m a l l y a f t e r 95 i t e r a t i o n s

Number o f o b s e r v a t i o n s p e r group
1 101
0 221

Number o f m i s s i n g p a t t e r n s p e r group
1 4
0 2

E s t i m a t o r ML
Minimum F u n c t i o n Test S t a t i s t i c 36 . 3 6 2
Degrees o f f reedom 24
P−value ( Chi−square ) 0 . 0 5 1

Chi−square f o r each group :

1 22 . 5 4 6
0 13 . 8 1 5

Parameter E s t i m a t e s :

I n f o r m a t i o n Observed
Standard E r r o r s Standard
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3. Multi-Group CFA

Scalar Invariance

R code and results ...

Group 1 [ 1 ] :

L a t e n t V a r i a b l e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH =∼
w r a t c l c ( . p 1 . ) 6 . 3 8 1 0 . 4 9 1 12 . 9 9 4 0 . 0 0 0
w j c a l c ( . p 2 . ) 4 . 3 4 0 0 . 3 4 2 12 . 6 9 9 0 . 0 0 0
w a i s c l c ( . p 3 . ) 2 . 5 2 9 0 . 2 3 2 10 . 8 9 5 0 . 0 0 0

SPELL =∼
w r a t s p l ( . p 4 . ) 6 . 7 5 1 0 . 5 0 8 13 . 2 9 9 0 . 0 0 0
w j s p l ( . p 5 . ) 7 . 0 1 5 0 . 5 1 6 13 . 5 9 2 0 . 0 0 0
w a i s s p l ( . p 6 . ) 6 . 5 7 8 0 . 4 9 4 13 . 3 2 9 0 . 0 0 0

C o v a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH ∼∼
SPELL 0 . 6 4 0 0 . 0 6 3 10 . 1 2 8 0 . 0 0 0

I n t e r c e p t s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH 0 . 0 0 0
SPELL 0 . 0 0 0

. w r a t c l c ( . 1 8 . ) 38 . 2 7 3 0 . 6 5 3 58 . 6 2 8 0 . 0 0 0
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3. Multi-Group CFA

Scalar Invariance

R code and results ...

. w j c a l c ( . 1 9 . ) 23 . 3 7 4 0 . 4 5 4 51 . 4 6 5 0 . 0 0 0

. w a i s c l c ( . 2 0 . ) 10 . 7 5 1 0 . 2 8 9 37 . 2 3 9 0 . 0 0 0

. w r a t s p l ( . 2 1 . ) 37 . 2 1 1 0 . 6 9 2 53 . 7 7 1 0 . 0 0 0

. w j s p l ( . 2 2 . ) 42 . 4 1 1 0 . 7 1 3 59 . 4 4 3 0 . 0 0 0

. w a i s s p l ( . 2 3 . ) 37 . 8 6 9 0 . 6 7 5 56 . 1 4 4 0 . 0 0 0

V a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH 1 . 0 0 0
SPELL 1 . 0 0 0

. w r a t c a l c 2 . 8 4 1 1 . 4 2 4 1 . 9 9 5 0 . 0 4 6

. w j c a l c 3 . 7 4 3 0 . 7 9 3 4 . 7 2 3 0 . 0 0 0

. w a i s c a l c 4 . 9 7 7 0 . 7 6 6 6 . 4 9 6 0 . 0 0 0

. w r a t s p l 5 . 6 8 1 1 . 1 2 3 5 . 0 5 6 0 . 0 0 0

. w j s p l 3 . 2 3 7 0 . 9 3 0 3 . 4 8 1 0 . 0 0 0

. w a i s s p l 5 . 0 3 5 1 . 0 3 2 4 . 8 8 0 0 . 0 0 0

Group 2 [ 0 ] :

L a t e n t V a r i a b l e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH =∼
w r a t c l c ( . p 1 . ) 6 . 3 8 1 0 . 4 9 1 12 . 9 9 4 0 . 0 0 0
w j c a l c ( . p 2 . ) 4 . 3 4 0 0 . 3 4 2 12 . 6 9 9 0 . 0 0 0
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3. Multi-Group CFA

Scalar Invariance

R code and results ...

w a i s c l c ( . p 3 . ) 2 . 5 2 9 0 . 2 3 2 10 . 8 9 5 0 . 0 0 0
SPELL =∼

w r a t s p l ( . p 4 . ) 6 . 7 5 1 0 . 5 0 8 13 . 2 9 9 0 . 0 0 0
w j s p l ( . p 5 . ) 7 . 0 1 5 0 . 5 1 6 13 . 5 9 2 0 . 0 0 0
w a i s s p l ( . p 6 . ) 6 . 5 7 8 0 . 4 9 4 13 . 3 2 9 0 . 0 0 0

C o v a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH ∼∼
SPELL 0 . 4 5 4 0 . 0 8 9 5 . 1 0 4 0 . 0 0 0

I n t e r c e p t s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH 0 . 1 4 8 0 . 1 2 1 1 . 2 2 0 0 . 2 2 2
SPELL −0.156 0 . 1 2 1 −1.293 0 . 1 9 6

. w r a t c l c ( . 1 8 . ) 38 . 2 7 3 0 . 6 5 3 58 . 6 2 8 0 . 0 0 0

. w j c a l c ( . 1 9 . ) 23 . 3 7 4 0 . 4 5 4 51 . 4 6 5 0 . 0 0 0

. w a i s c l c ( . 2 0 . ) 10 . 7 5 1 0 . 2 8 9 37 . 2 3 9 0 . 0 0 0

. w r a t s p l ( . 2 1 . ) 37 . 2 1 1 0 . 6 9 2 53 . 7 7 1 0 . 0 0 0

. w j s p l ( . 2 2 . ) 42 . 4 1 1 0 . 7 1 3 59 . 4 4 3 0 . 0 0 0

. w a i s s p l ( . 2 3 . ) 37 . 8 6 9 0 . 6 7 5 56 . 1 4 4 0 . 0 0 0

V a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH 0 . 8 5 7 0 . 1 5 6 5 . 5 0 2 0 . 0 0 0
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3. Multi-Group CFA

Scalar Invariance

R code and results ...

SPELL 0 . 8 9 4 0 . 1 5 8 5 . 6 7 6 0 . 0 0 0
. w r a t c a l c 4 . 5 1 8 1 . 2 0 4 3 . 7 5 3 0 . 0 0 0
. w j c a l c 3 . 9 1 1 0 . 6 5 5 5 . 9 7 0 0 . 0 0 0
. w a i s c a l c 5 . 4 3 1 0 . 5 7 6 9 . 4 3 5 0 . 0 0 0
. w r a t s p l 4 . 7 6 2 0 . 7 2 1 6 . 6 0 3 0 . 0 0 0
. w j s p l 5 . 1 7 3 0 . 7 9 1 6 . 5 4 1 0 . 0 0 0
. w a i s s p l 5 . 2 3 5 0 . 7 3 4 7 . 1 3 4 0 . 0 0 0

anova ( metr icOutput , s c a l a r O u t p u t )

Chi Square D i f f e r e n c e Test

Df AIC BIC Chi sq Ch i sq d i f f Df d i f f Pr(>Chisq )
m e t r i c O u t p u t 20 10300 10428 25 . 8 7 1
s c a l a r O u t p u t 24 10302 10415 36 . 3 6 1 10 . 4 9 1 4 0 .03293

m e t r i c O u t p u t
s c a l a r O u t p u t *

−−−
S i g n i f . codes : 0 ' *** ' 0 . 0 0 1 ' ** ' 0 . 0 1 ' * ' 0 . 0 5 ' . ' 0 . 1 ' ' 1
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4. Regression

Regression

The SEM framework includes the ordinary linear regression on
observed variables as a special case

SEM can fit several linear regressions at once

possibly allowing correlation between the error terms in the 2
regressions (Seemingly Unrelated Regressions, SUR).



Multiple predictors
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4. Regression

R code and results

MLRModel <− ”
w j s p l ∼ e d l e v e l + n e w s c h l + suspend + e x p e l l e d +

h a v e l d + f e m a l e + age
w j s p l ∼ 1
”

output <− sem ( model = MLRModel , data = dat )
summary ( output )

l a v a a n (0 .5−22 ) c o n v e r g e d n o r m a l l y a f t e r 58 i t e r a t i o n s

Used T o t a l
Number o f o b s e r v a t i o n s 313 322

E s t i m a t o r ML
Minimum F u n c t i o n Test S t a t i s t i c 0 . 0 0 0
Degrees o f f reedom 0

Parameter E s t i m a t e s :

I n f o r m a t i o n Expected
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4. Regression

R code and results ...

Standard E r r o r s Standard

R e g r e s s i o n s :
E s t i m a t e S t d . E r r z−value P(>| z | )

w j s p l ∼
e d l e v e l 1 . 1 6 2 0 . 3 2 4 3 . 5 8 4 0 . 0 0 0
n e w s c h l 0 . 0 6 3 0 . 7 4 7 0 . 0 8 5 0 . 9 3 2
suspend −0.052 0 . 7 7 3 −0.067 0 . 9 4 7
e x p e l l e d −2.758 1 . 0 9 8 −2.510 0 . 0 1 2
h a v e l d −6.974 0 . 9 8 7 −7.063 0 . 0 0 0
f e m a l e 0 . 7 2 0 0 . 7 9 2 0 . 9 0 9 0 . 3 6 3
age 0 . 4 1 2 0 . 2 0 7 1 . 9 9 4 0 . 0 4 6

I n t e r c e p t s :
E s t i m a t e S t d . E r r z−value P(>| z | )

. w j s p l 21 . 9 5 3 4 . 4 1 4 4 . 9 7 4 0 . 0 0 0

V a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

. w j s p l 39 . 9 0 4 3 . 1 9 0 12 . 5 1 0 0 . 0 0 0
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5. SEM

Regression

Estimate regression coefficients that link together latent
(unmeasured) variables.

This is an example of a LISREL model (measurement and structural
component)
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5. SEM

Math and Spelling

Continues with previous data

Research question: are variations in the latent factors “Math” and
“Spell” predictable using the variables

edlevel

newschl

suspend

expelled

haveld

female

age



SEM
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5. SEM

R code and results

SEMModel <− ”
MATH =∼ w r a t c a l c + w j c a l c + w a i s c a l c
SPELL =∼ w r a t s p l + w j s p l + w a i s s p l
MATH ∼ e d l e v e l + n e w s c h l + suspend + e x p e l l e d

+ h a v e l d + f e m a l e + age
SPELL ∼ e d l e v e l + n e w s c h l + suspend + e x p e l l e d

+ h a v e l d + f e m a l e + age
MATH ∼∼ SPELL

”
output <− sem ( model = SEMModel , data = dat ,

m i s s i n g = ”f i m l ”)
summary ( output )
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5. SEM

R code and results ...

l a v a a n (0 .5−22 ) c o n v e r g e d n o r m a l l y a f t e r 196 i t e r a t i o n s

Number o f o b s e r v a t i o n s 322

Number o f m i s s i n g p a t t e r n s 9

E s t i m a t o r ML
Minimum F u n c t i o n Test S t a t i s t i c 53 . 7 4 4
Degrees o f f reedom 36
P−value ( Chi−square ) 0 . 0 2 9

Parameter E s t i m a t e s :

I n f o r m a t i o n Observed
Standard E r r o r s Standard

L a t e n t V a r i a b l e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH =∼
w r a t c a l c 1 . 0 0 0
w j c a l c 0 . 6 8 3 0 . 0 2 7 25 . 0 7 5 0 . 0 0 0
w a i s c a l c 0 . 3 9 5 0 . 0 2 4 16 . 2 2 9 0 . 0 0 0

SPELL =∼
w r a t s p l 1 . 0 0 0
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5. SEM

R code and results ...

w j s p l 1 . 0 4 4 0 . 0 2 9 36 . 3 9 8 0 . 0 0 0
w a i s s p l 0 . 9 7 4 0 . 0 2 8 34 . 5 3 7 0 . 0 0 0

R e g r e s s i o n s :
E s t i m a t e S t d . E r r z−value P(>| z | )

MATH ∼
e d l e v e l 1 . 5 5 5 0 . 2 6 5 5 . 8 7 0 0 . 0 0 0
n e w s c h l 0 . 5 0 4 0 . 6 4 0 0 . 7 8 7 0 . 4 3 1
suspend −1.767 0 . 6 6 6 −2.652 0 . 0 0 8
e x p e l l e d −0.533 0 . 9 4 3 −0.565 0 . 5 7 2
h a v e l d −1.436 0 . 8 4 4 −1.701 0 . 0 8 9
f e m a l e −0.847 0 . 6 7 7 −1.250 0 . 2 1 1
age 0 . 6 3 4 0 . 1 7 6 3 . 6 0 1 0 . 0 0 0

SPELL ∼
e d l e v e l 1 . 1 4 3 0 . 2 8 5 4 . 0 1 6 0 . 0 0 0
n e w s c h l −0.258 0 . 6 8 8 −0.375 0 . 7 0 7
suspend −0.008 0 . 7 1 1 −0.012 0 . 9 9 1
e x p e l l e d −2.510 1 . 0 1 6 −2.470 0 . 0 1 4
h a v e l d −6.369 0 . 9 0 9 −7.004 0 . 0 0 0
f e m a l e 0 . 9 7 0 0 . 7 2 4 1 . 3 4 0 0 . 1 8 0
age 0 . 3 5 1 0 . 1 8 9 1 . 8 6 0 0 . 0 6 3

C o v a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

.MATH ∼∼
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5. SEM

R code and results ...

.SPELL 14 . 9 5 1 1 . 9 9 3 7 . 5 0 4 0 . 0 0 0

I n t e r c e p t s :
E s t i m a t e S t d . E r r z−value P(>| z | )

. w r a t c a l c 10 . 3 4 9 3 . 6 7 6 2 . 8 1 5 0 . 0 0 5

. w j c a l c 4 . 2 8 8 2 . 5 8 5 1 . 6 5 9 0 . 0 9 7

. w a i s c a l c −0.278 1 . 5 8 5 −0.175 0 . 8 6 1

. w r a t s p l 18 . 0 6 9 3 . 9 4 1 4 . 5 8 5 0 . 0 0 0

. w j s p l 22 . 4 5 5 4 . 1 1 0 5 . 4 6 3 0 . 0 0 0

. w a i s s p l 19 . 2 1 9 3 . 8 4 0 5 . 0 0 4 0 . 0 0 0
.MATH 0 . 0 0 0
.SPELL 0 . 0 0 0

V a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

. w r a t c a l c 3 . 9 6 3 0 . 9 7 1 4 . 0 8 3 0 . 0 0 0

. w j c a l c 3 . 8 1 4 0 . 5 2 6 7 . 2 4 6 0 . 0 0 0

. w a i s c a l c 5 . 3 7 2 0 . 4 6 0 11 . 6 7 8 0 . 0 0 0

. w r a t s p l 5 . 1 3 1 0 . 6 0 9 8 . 4 2 6 0 . 0 0 0

. w j s p l 4 . 5 2 6 0 . 6 0 9 7 . 4 3 0 0 . 0 0 0

. w a i s s p l 5 . 0 9 5 0 . 5 9 5 8 . 5 7 0 0 . 0 0 0
.MATH 27 . 2 6 9 2 . 5 4 0 10 . 7 3 6 0 . 0 0 0
.SPELL 32 . 4 9 3 2 . 9 0 8 11 . 1 7 4 0 . 0 0 0
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6. Latent Growth

Latent Growth Curve Modeling

Repeated measurements allow us to think about change in a latent
variable over time

If we can predictably measure the latent variable, then we can assess
its linkage to other outcomes (both observed and latent).

However, in this example we are mostly interested in the possibility
that

some people are more anxious than others at the outset of the study,
and they remain more (or less) anxious across time

as time passes, some people become progressively more and more (or
less and less) anxious
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6. Latent Growth

Measurements

The data set is named “anxiety.dat”

participants anxiety level at four different time points were measured

Do anxiety levels change over time?

Initial anxiety (intercept) and change in anxiety (slope) can be
modeled as latent variables.



Latent Growth Curve Graph
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6. Latent Growth

R code and results

dat <− r e a d . t a b l e ( ” . . / data / a n x i e t y . d a t ” , h e a d e r =
F )

names ( dat ) <− c ( ”a1 ” , ”a2 ” , ”a3 ” , ”a4 ”)
model <− ”

i n t e r c e p t =∼ 1*a1 + 1*a2 + 1*a3 + 1*a4
s l o p e =∼ 0*a1 + 1*a2 + 2*a3 + 3*a4
a1 ∼ 0*1
a2 ∼ 0*1
a3 ∼ 0*1
a4 ∼ 0*1
i n t e r c e p t ∼ 1
s l o p e ∼ 1

”
output <− sem ( model , data = dat )
summary ( output )
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6. Latent Growth

R code and results ...

l a v a a n (0 .5−22 ) c o n v e r g e d n o r m a l l y a f t e r 45 i t e r a t i o n s

Number o f o b s e r v a t i o n s 485

E s t i m a t o r ML
Minimum F u n c t i o n Test S t a t i s t i c 27 . 2 8 8
Degrees o f f reedom 5
P−value ( Chi−square ) 0 . 0 0 0

Parameter E s t i m a t e s :

I n f o r m a t i o n Expected
Standard E r r o r s Standard

L a t e n t V a r i a b l e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

i n t e r c e p t =∼
a1 1 . 0 0 0
a2 1 . 0 0 0
a3 1 . 0 0 0
a4 1 . 0 0 0

s l o p e =∼
a1 0 . 0 0 0
a2 1 . 0 0 0
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6. Latent Growth

R code and results ...

a3 2 . 0 0 0
a4 3 . 0 0 0

C o v a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

i n t e r c e p t ∼∼
s l o p e −0.011 0 . 0 0 3 −3.472 0 . 0 0 1

I n t e r c e p t s :
E s t i m a t e S t d . E r r z−value P(>| z | )

. a 1 0 . 0 0 0

. a 2 0 . 0 0 0

. a 3 0 . 0 0 0

. a 4 0 . 0 0 0
i n t e r c e p t 0 . 6 9 8 0 . 0 2 0 35 . 0 5 0 0 . 0 0 0
s l o p e −0.062 0 . 0 0 6 −10.513 0 . 0 0 0

V a r i a n c e s :
E s t i m a t e S t d . E r r z−value P(>| z | )

. a 1 0 . 0 6 7 0 . 0 0 7 8 . 9 1 0 0 . 0 0 0

. a 2 0 . 0 4 8 0 . 0 0 4 11 . 1 1 9 0 . 0 0 0

. a 3 0 . 0 4 8 0 . 0 0 4 11 . 3 8 3 0 . 0 0 0

. a 4 0 . 0 4 0 0 . 0 0 6 6 . 6 5 8 0 . 0 0 0
i n t e r c e p t 0 . 1 5 1 0 . 0 1 3 11 . 8 7 1 0 . 0 0 0
s l o p e 0 . 0 0 7 0 . 0 0 1 4 . 7 9 0 0 . 0 0 0
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6. Latent Growth

R code and results ...



Latent Growth Results
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Conclusion

SEM Examples

More examples will be created in future
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Conclusion

Session

s e s s i o n I n f o ( )

R v e r s i o n 3 . 3 . 3 (2017−03−06)
P l a t f o r m : x86 64−pc− l inux−gnu (64 −bit )
Running under : Ubuntu 17 . 0 4

l o c a l e :
[ 1 ] LC CTYPE=en US.UTF−8 LC NUMERIC=C
[ 3 ] LC TIME=en US.UTF−8 LC COLLATE=en US.UTF−8
[ 5 ] LC MONETARY=en US.UTF−8 LC MESSAGES=en US.UTF−8
[ 7 ] LC PAPER=en US.UTF−8 LC NAME=C
[ 9 ] LC ADDRESS=C LC TELEPHONE=C

[ 1 1 ] LC MEASUREMENT=en US.UTF−8 LC IDENTIFICATION=C

a t t a c h e d base packages :
[ 1 ] s t a t s g r a p h i c s g r D e v i c e s u t i l s d a t a s e t s base

o t h e r a t t a c h e d packages :
[ 1 ] l avaan 0 .5−22

l o a d e d v i a a namespace ( and not a t t a c h e d ) :
[ 1 ] MASS 7.3−45 t o o l s 3 . 3 . 3 mnormt 1.5−5 p b i v n o r m 0 . 6 . 0
[ 5 ] m e t h o d s 3 . 3 . 3 s t a t s 4 3 . 3 . 3 quadprog 1.5−5
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